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0 Hybridized Mixed Method for Linear Elasticity
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Linear elasticity

@ Linear elasticity in stress-displacement formulation:

Ao —e(u)=0 inQ c RY,

dive = —f inQ, (1)
u=20 on 99,
displacement: u: Q — R” A : S — S: compliance operator

stress: o : Q= S:=RY)  e(u):=(Vu+ (Vu)T)/2
@ Constitutive law: o = 2jie(u) + Mdivul

1 A 1 1
Ao = — ——tr(o)l - ——tr I as)— 2
o 2N<0 2u+d)\()> 2(cr (o)) . (2)
@ Lamé constants: i = O(1), X > 1 for nearly incompressible materials.
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BDM-type elements for symmetric tensor

@ Hellinger-Reissner principle:

(Ao, 7)o + (u,divr)o =0 VY7 € H(div;S),

{ (dive, v)q = —(f,v)q Vv e L3(RY). ®)

@ Discrete stress space: normal continuity on faces
Yhit1 = {7 € H(div,S) | T|x€ Pis1(K;S) VK € Th}.
Discrete displacement space:
Vi = {v € LB(RY) | v|keE Pk(K,R%)}.

@ Mixed method: Find (op, Un) € £p k1 % Vi such that

{ (Ao, )a + (Up,divr)g =0 VT € Thkit, 4

(divep, V) = —(f,V)a Vv e Vpk.
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Comments on mixed method for linear elasticity

@ Locking-free scheme, suitable stress analysis ®
@ High order (k > d) conforming elements: Hu-Zhang (2014, 2015)
@ Difficulty 1: large system ®

» No low order (k < d — 1) conforming elements: Wu-Xu-Gong (2015)
» Lowest conforming elements in 2D: P3(S) — P2(R?), number of local
d.o.f.
3C2+2C2=30+12=142.

» Lowest conforming elements in 3D: P4(S) — P3(R®), number of local
d.o.f.
6C3 + 3C2 = 210 + 60 = 270.

@ Difficulty 2: hard to design solver for mixed formulation ®

@ Difficulty 3: nearly incompressible material ®
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Hybridized mixed method

@ Hybridization for Poisson: Arnold-Brezzi (1985), Brezzi-Douglas-Marini
(1985), Brezzi-Douglas-Duran-Fortin (1987) ...

H(div,S) <= L3(S)+ Lagrange multiplier on the normal component
@ Discontinuous stress space + Lagrange multiplier space:
Shki1 ={mh € L2(S) | Thlk€ Prpr(K;S) VK € Tp}.
Mi ki1 = {pn € L(Fn;RY) | pn|r= Pis1(F,R?)  VF € Fjyand p| zp= 0}

@ Hybridized mixed method: find (o4, U, An) € Tj k11 X Vak X My 41 Such

that
(Ao, mh) + (divrn, Un) + ([Th], An) 7 =0 Y1h € Z,;LH, (5a)
(divon, Vi) =—(f,vh)  YVh € Vi, (5b)
([on], lf/h>ﬂ =0 Vin € Mp k. (5¢c)
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Hybridized mixed method
@ Hybridization for Poisson: Arnold-Brezzi (1985), Brezzi-Douglas-Marini
(1985), Brezzi-Douglas-Duran-Fortin (1987) ...
H(div,S) <= L3(S)+ Lagrange multiplier on the normal component
@ Discontinuous stress space + Lagrange multiplier space:
Tpher = {mh € L2(S) | Thlk€ Pes1(K:S) VK € Th}.
Mi ki1 = {pn € L(Fn;RY) | pn|r= Pis1(F,R?)  VF € Fjyand p| zp= 0}

@ Hybridized mixed method: find (o4, U, An) € Tj k11 X Vak X My 41 Such

that
(Ao, mh) + (divrn, Un) + ([Th], An) 7 =0 Y1h € Z,;LH, (5a)
(divon, Vi) =—(f,vh)  YVh € Vi, (5b)
([on], lf/h>ﬂ =0 Vin € Mp k. (5¢c)

@ Key: Linear system becomes larger, but easier to solve. Why?
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Matrix form for Ap

( i SO KUY ) (),
(lon], ) 0
The matrix form looks like:

D is a block-diagonal matrix.

@ Step 1: Solve A\, by Schur complement: (much smaller SPSD system)

(BD~'B")\ = —-BD~'F. (6)
@ Step 2: Recover the stress and displacement locally:
oh,Up — D' (=F — BT p). (7)
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Charaterization of BD-'B"\ = —BD~'F

@ Local solver: For any A € Mj k11, define (o, uy) € Z;,;m x Vp x by
(.AO')\, Th)K + (U)\,diVTh)K = <>\, Thn>aK V1 € ZIT,}GH’ (83)
(diVO‘)\, Vh)K =0 Vvp € Vh,k- (8b)
oy, Uy — —D_1BT)\, U)\‘KG Zh(K) = {Th € Z;’Lq(K) s divry = 0}

@ Bilinear form of LHS:
S(\, 1) := (BD'BTA, ) = (D(~D~'BT ), (~D~'B")u)

~0(3). () = Uoroa ©

@ Linear form of RHS:

(-8 Fu) = (F. (3 ) = (.0
Uy
@ Variational formulation: find A € Mp, x11 such that
S()\,/J,) = (AU'A,O'M) = (f7 Ult)v V/J, € Mh7k+1 . (10)
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Difficulty in nearly incompressible case

@ Recall the difficulties: large-system, mixed-formulation, nearly

incompressible materials.

(SA ) = (Ao, 0,) = (F, Up),

Vi € Mh,k+1 .

@ Question: is it uniformly convergent when Lamé constant A — co?

Example (Gauss-Seidel on 2 x 2 uniform grid)

@ Lagrange multiplier: Ps, 64 x 64 matrix

@ Number of iterations:

A

Number of iterations

100
101
102
103
104
10°

127
142
591
5099
39267
271122
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Near incompressibility < nearly singular system

@ Nearly singular in compliance tensor A:

1 A 1 1 ~
=—|o- ~tr(o)l — (o — tr(o)] .
Ao o7 <o‘ 2/7,+d)\tl(a) ) — 2[1(0- dtl(a') ) as A —

@ Nearly singular in A: taking 7 = I in the definition of (o), uy):

(Aoy, Tk + (divr,uy) = (\,7n) = | A-nds—0 as\— occ.
oK

Define a semi-norm
IAlk= |K|‘1/2|/ A-nds|.
oK
Motivated from the Local solver (8), we define another semi-norm

A, Thh
JAlhki=  sup Qs Thitok >3K-
ThEZ/-,(K),T/-,#O ||Th||07K

Lemma (G., Wu, Xu, 2016)

INE= 2AIA[7 + AN YA € Myt (12>J

S. Gong (Peking University) Solvers for Hybridized Mixed Method Copper Mountain 2017 11/28



Condition number estimate

@ Upper bound:
INIES i+ NG YA€ Maer. (13)
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Condition number estimate

@ Upper bound:
INIES i+ NG YA€ Maer. (13)

@ Lower bound: depends on the singular vertices. Define
k(@) =max{|¢i+6,—n| |1 <ij<mandi—j=1 mod m}.

2fihsin® (ko) |15 < [IAIE VA € Mygas. (14)
@ Condition number:
cond(8) < 2E2 h=2 sin (o)
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e Multilevel Methods
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Construction of multilevel methods

@ Choosing a good smoother.
@ Choosing appropriate coarse-scale problems.
@ Choosing inter-scale transfer operators.

@ Constructing coarse-scale approximations to the fine-scale variables.
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Schwarz smoother

@ Overlapping subdomains {Q;}/_,, § measures the amount of overlap.

Q9

- O (0) -

2

@ Subspaces for 1 <j < J,

M,‘ = {/\ € Mh,k+1 ‘ )\|F: 0 VF e fh\Q?}
@ S M~ MI/, where <S,‘)\,', ,u,-> = S(L,')\,‘7 L,‘/J,,')

@ Partition of unity: 0, =0

on Q\Q,’,

J -
Z 0; =1 on Q,
i=1

Vil ooS 07"
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Minimal requirement of subdomains

@ Kernel preserving decomposition: each basis of the NDy should at least

in one subdomain.

@ 2D case: NDy = P; Lagrange element = point-patch supported

A
Subdomains

10 10" 10> 10° 10* 10°® 10°® 10" 108

Elements
Point Patches

31 36 59 79 109 131 154 181 211
12 15 24 33 45 54 62 72 82
8 10 12 13 13 14 14 14 14

Table: PCG, Multiplicative Schwarz smoother, uniform grid with size h = 1/4,

tol =1e — 6.
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Coarse problem

@ Reuvisit the norm equivalence
INE= 27 Al + AT YA € Mk
@ Comparing to the primal elasticity
w3, = 2ile(wi)[5 + | Po'divwyl[3,
with
(AW, viy) = 2ji(e(Wr), €(VH)) + NPy divwy, Pidivvy),
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Coarse problem

@ Reuvisit the norm equivalence
INE= 27 Al + AT YA € Mk
@ Comparing to the primal elasticity
w3, = 2ile(wi)[5 + | Po'divwyl[3,
with
(AW, viy) = 2ji(e(Wr), €(VH)) + NPy divwy, Pidivvy),

@ Key idea: Using the Lagrange element P, as the coarse space.
Wy - = {w € H} (2 R?) | w|ke P2(K;R?) for K € T}

A two-level additive Schwarz preconditioner is
J
B= AR (1LY + > uS . (16)
i=1

Question: Il : Wiy +— M,?
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Intergrid transfer operator

@ Step 1: Harmonic extension: the harmonic extension 11, : Wy — W,
(Schoberl, 1999). On each edge of coarse element Ky € Ty

1wk, = Whilok,,

“h (17)
ah(/HWH, Vh) =0 Vv, € Wh,O(KH)-
Property of 75: |[Twhl4,S | Whll 4,
© Step 2: Qn : Wy — M1, L2 projection.
The intergrid transfer operator /I, appearing in (16):
I = Qully - Wiy = My ki1 (18)
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Stability of intergrid transfer operator

For any wy, let wy = 17wy,

@ Nearly incompressible part

|QhWh|*,K = |K|71/2 / QhWh -vds| = |K|71/2 / wh - vds
oK oK
= |K|‘1/2/divwhdx =||Phdivwy||o.k,
K
@ Other part
|QhWh‘h,K: sup M — Sup M
TeZy(K) 7 1lo.x TeZy(K) 7 llo,x
e(Wp), T
— sup M S ||€(Wh) 0K

rezyk)  ITllok
Therefore,
1w |5 271 QnWhl5+ X Quwh2 S (| Whlla, S lwklG,-
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Coarse Approximation: Ny : Mp k1 — Wh

@ Parameter-independent problem: finding (&, Uy) € Z;;H x Vp k such that, for
every element K € T,

(6’,\\77h)K+(D,\\7(1iVTh)K = </\,Thl/>;)K, V1 € Zh.qu(K), (19a)
(divo_'A, Vh)K =0, Vv € Vh_K(K). (19b)
@ Projection Pk rm : Mhk+1(0K) — RM(K) by
(Pk,rmA, Nk = (U, Nk Vr € RM(K).

@ Step 1: Clément type interpolation My : My ki1 — Pr.p N H'(Q; R?)
ZKewa(PK,rm)‘)(a)

(Fh,h)\)(a) = { ZK8w51

otherwise,
ac 01.

© Step 2: correction operator My : My ki1 U Hi(Q,R2) = W :
(M2pN\)(a):=0 VaeN, and / b p ds = / Ads VF € Fp
F F

© /1 is composed by these two operators, for any A € My k1,
MpA i= M4 p A + Mg p(A — M4 pA). (20)
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Coarse approximation

Lemma (G., Wu, Xu, 2016)
For any X\ € Mp k11, it holds that

/l_lh)\ /)\
IMaA]a, S [[Alss
IA = QuMa[I3 < AN
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Coarse approximation

Lemma (G., Wu, Xu, 2016)
For any X\ € Mp k11, it holds that
/ MpX = / A,
IMnAlla, S IAlss
IA = QulpAl5 S AlIAIIE.

)

Lemma (G., Wu, Xu, 2016)

Assuming k > kg > 0 and the girds are shape regular, it holds that

A=A = Pr.mAlI§ ok S sin(ro) ™ > M« (22)
K’ ewk

where wk denotes the set of all elements that share vertex with K.

4
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Stable decomposition

Theorem (G., Wu, Xu, 2016)

For any X\ € My k11, there exists a decomposition A = I,’Z, Wy + Z;; A\ such
that wy € Wy, \; € M;, and

lwill,+ ZIIA ||s~ 52 ||)\||s (23)

v

Sketch of the proof: Qg is the L2 projection on tho
A= QpMpA+ (/ - Qhﬂh))\
~ —

Wh Xo

J
= Qu(Twn +> " w) +> Qi (6ido)  (Schdberl, 1999)
i=1 i=1
J
= [iwy + > Quw; + Qg (0i)0)
-
Ai
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Stable decomposition Il

From stable decomposition between W, and Wy,
J

H?

2 2 2 2 2

Iwill,+ >l Qawill3S Wil + D lIwill3,S 52 [Whlla,
i=1 i=1

J J
SIQr0M)IE=Y" > 11Q (0id)l5k
i=1

i=1 KETHNQ;

J
Z Z he M 11Qg (0i00) 115 0k

KeThNQ;

Z Z hic ol o

=1 KeTpNQ;
S HAHé O
Multigrid preconditioner: A" ~ By (Schéberl, 1999)

J
B=IfBuy(If) +>_uS i)

i=1
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e Numerical Results
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Numerical results

@ The Lamé constants are setas ji = 1/2 and A = %

1-20°

@ Two-level additive Schwarz preconditioner, H/§ = 2

1/h Y1049 0499 0.4999 0.49999 0.499999 0.4999999
4 17 18 21 23 23 23
8 17 20 25 27 28 29
16 18 20 26 28 29 29
32 18 20 25 27 28 29

@ Multigrid preconditioner + W-2-2 cycle

1/h Y1049 0499 0.4999 0.49999 0.499999 0.4999999
4 4 5 5 5 5 5
8 4 6 7 7 7 7
16 5 6 7 7 7 7
32 5 6 7 7 7 7
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e Concluding Remarks

S. Gong (Peking University) Solvers for Hybridized Mixed Method Copper Mountain 2017 26/28



Concluding remarks

@ A family of hybridizable mixed finite element for elasticity,
@ The solution cost is dominated by solving a SPD system,

© Two-level and multilevel precoditioner using the primal formulation as the
coarse problem.

© Future works: singular vertex.

THANK YOU!
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Near kernel |Al,= 0 (|A|..k= |K| V2| [, A - n|)

@ Kernel-preserving decomposition for nearly singular system:
Lee-Wu-Xu-Zikatanov (2007, 2008)

@ Key observation: the d.o.f of lowest order Raviart-Thomas is [ w - n ds!

@ Surjective linear mapping ¢4 : Mp k11 — RTo(Ta):

/¢h(>\)-nds::/)\-nds YF € F.
F F

@ Local basis of near kernel:

[Als=0 <= divdy(A) =0.

div-kernel of RTy < curlND;.

AL
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