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Linear Elasticity

We consider the following linear elasticity problem with pure
displacement boundary condition

Ao —e(u) =0, inQ,
dive = f, inQ,
u=0, onodQ,
where Q ¢ R?.

@ displacement: u: Q — R?

@ A:S+— S: SPD operator
@ stress: o : Q — S:=R5;7

@ c(u):=(Vu+(Vu))/2
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Linear Elasticity

We consider the following linear elasticity problem with pure
displacement boundary condition

Ao —e(u) =0, inQ,

dive = f, inQ,
u=0, onodQ,
where Q c R?.
@ displacement: u: Q — R? @ A:S+ S: SPD operator
@ stress: o : Q — S:=R5;7 @ c(u):=(Vu+(Vu))/2

Symmetric matrix:

* ok 2x2
eR
(* *) SR
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Hellinger-Reissner Variational Principle

The saddle point problem is to find (o, u) € ¥ x V, such that

(Ao, 7)o + (divr,u)q =0, VT ex, @)
(diVG’, V)Q = (f, V)Q, Vv e V.
where
¥ x V £ H(div,Q;S) x L3(Q; R?) (3)
H(div, Q;S) = {o € L3(;S) | dive € L3(Q;R?)} (4)

with the norm defined by

ITlGva £ ITl5Q + Idivr 3o, V7 € H(div,2;S).
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Hellinger-Reissner Variational Principle

The saddle point problem is to find (o, u) € ¥ x V, such that

(Ao, T)q + (divr,u)q =0, VT ex, @)
(diVG’, V)Q = (f, V)Q, Vv e V.
where
¥ x V £ H(div,Q;S) x L3(Q; R?) (3)
H(div, Q;S) = {o € L3(;S) | dive € L3(Q;R?)} (4)

with the norm defined by
I3 £ 17§ e + ldivr (5, V7 € H(div,2;S).

@ Avoid Locking phenomena

@ Provide direct approximation to stress
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Requirements for the Finite Elements of Stress
e Natural discretization: P4 — P

div
Pk+1 (S) Pk (RZ)

Shihua Gong (Peking University) Hybridizable Mixed Method for Elasticity Aug. 13,2015 6/39



Requirements for the Finite Elements of Stress
e Natural discretization: P4 — P

div
> 2
Pr1(S) Pr(R?)

@ Conservation of angular momentum:
» the stress tensor is required to be symmetric.
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Requirements for the Finite Elements of Stress

e Natural discretization: Py, 1 — P,

div
-
Pri1(S) Pr(R?)

@ Conservation of angular momentum:

» the stress tensor is required to be symmetric.
@ Conservation of translational momentum:

» the stress approximation must lie in H(div).
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Requirements for the Finite Elements of Stress

e Natural discretization: P4 — P

div
>
Prt1(S) Pr(R?)

@ Conservation of angular momentum:

» the stress tensor is required to be symmetric.
@ Conservation of translational momentum:

» the stress approximation must lie in H(div).

Two requirements for the stress element: symmetric and conforming!
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@ Composite Element: different grids for stress and displacement;
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Lagrangian multipiler to enforce stress weakly symmetric;
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Literature Review

@ Composite Element: different grids for stress and displacement;
» Johnson-Mercier (1978), Arnold-Douglas (1984),

@ Weakly Symmetric and Conforming Element: introducing a
Lagrangian multipiler to enforce stress weakly symmetric;
» Amara-Thomas (1979), Stenberg(1988),
Farhloul-Fortin(1997), Qiu-Demkowicz (2009)
@ Symmetric and non-Conforming Element: relaxing the conformity.

» Arnold-Winther (2003), Yi(2005,20006),
Hu-Shi (2007), Gopalakrishnan-Guzman (2011),
Arnold-Awanou-Winther (2014), Gong-Wu—-Xu (2015)

@ Symmetric and Conforming Element:

» Arnold-Winther (2002), Adams—-Cockburn (2005),
Arnold-Awanou-Winther (2008), Hu-Zhang (2014, 2015)

Question: symmetric, conforming and hybridizable elements?
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The Discrete Stress Space

Our discrete stress space is defined as follows.

Thie1 = {1 € H(Q:div,S) | Tk € Pesa(K:S) VK eTi}.  (5)

That is the full C% — Py ¢ space.
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The Discrete Stress Space

Our discrete stress space is defined as follows.

Yhiki1 ={T € H(Q;div,S) | 7|k € P11(K;S) VK €T} (5)

That is the full C% — Py ¢ space.

Using Ciarlet’s notation, a finite element is usually defined by a triple
(T’ PKa EK)

@ A triangulation 7 consisting of polyhedral elements K;

@ For each K, a space of shape function Pg;
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The Discrete Stress Space

Our discrete stress space is defined as follows.

Yhiki1 ={T € H(Q;div,S) | 7|k € P11(K;S) VK €T} (5)

That is the full C% — Py ¢ space.

Using Ciarlet’s notation, a finite element is usually defined by a triple
(T’ PKa EK)

@ A triangulation 7 consisting of polyhedral elements K;
@ For each K, a space of shape function Pg;

@ For each K, a set of local DoFs Lk: a set of functionals on Pk,

each associated to a face of T. These must unisolvent, i.e. form a
basis for P(K)'
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Hu-Zhang’s Stress Space

THZ = {1 € HQ:div,S) | T|x € Pes1(K:S),

. (6)
Tla€e C°, VK€ Th,ae Np}.
The local DoFs are defined as follows

o(a) for all vertices a of K. (7a)
/an- vds forall ve Py_i(eR?), (7b)

e
/ o:7dx forallTe Pc1(K;S), (7¢c)

K
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Stress Function on a vertex
A symmetric matrix 7 on ag can be determined by
two double normal values:

0 di = (nTrn)(a), i=1:2

1 one cross normal values:

a1 a2

c1 = (n] Tany)(ap),
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Stress Function on a vertex
A symmetric matrix T on ag can be determined by
two double normal values:

0 di = (nTrn)(a), i=1:2

1 one cross normal values:

a a
! 2 ¢ = (n] Tam2)(&o),

A multi-valued symmetric matrix 7, on the star(a) can be determined
by following values

the double normal values:
di:=n]Tanle, i=1:n
i = N Tg /|e,-, - Nag,
the cross normal values:
o I , i—1 -
Ci=n; TaNitqlk, [=1:n,
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The DoFs on vertices
@ One cross normal value:

la7c(0') = n1TO'n2|K1 s (8)

where Kj is the element contains e, é-.
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The DoFs on vertices
@ One cross normal value:
la7c(0') = n1TO'n2|K17 (8)

where Kj is the element contains e, es.
@ the double normal values:
i=2,8,---,n, ifaisaninternal non-singular verte

i T
o)=n;oNig, . i
a,d(o) i oNile;, { i=1,2,---,n, otherwise.

9)
where n, is the number of edges meeting at a.

ay ay Qy as
a a ay

Figure: Singular vertex; non-singular vertex; boundary vertex
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The Global DoFs

We then define the global degrees of freedom for the discrete stress
space zh,k—H :

lac(o) = nfony|x, Ya e Ny (10a)

La(o)=nlonj, Vae N (10b)

H(o) = /an - ds, Vi € Pc_1(e,R?),e € &, (10c)
e

(o) = / o T dx, V1 € Py_1(K;S),K € T, (10d)
K

where Kj and the range of i are defined in (8) and (9).
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Unisolvent

Proposition

The set of global DoFs defined above is unisolvent for the space
Y hk+1- And the dimension of ¥p x4 IS

: 3
mszH):émk+UT+ak+nE+E@+& (11)

where T is the number of elements of Ty, E the number of total edges,
E? the number of the boundary edges and S the number of the
internal singular vertices.

Shihua Gong (Peking University) Aug. 13, 2015 14/39




Outline

© A Mixed Finite Element Method

Shihua Gong (Peking University)

Hybridizable Mixed Method for Elasticity

Aug. 13,2015 15/39



Mixed Formulation

We take the discrete displacement space as the full C~' — Py space,
i.e.

Vik = Vhik x Vhk (12)
where Vj = {v € L2(Q;R) | v|k € Pk(K,R)}.
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Mixed Formulation

We take the discrete displacement space as the full C-1 — P, space,
i.e.

Vhk = Vhk X Vhi (12)
where Vj = {v € L2(Q;R) | v|k € Pk(K,R)}.

The mixed finite element approximation of the elastic problem (2)
reads: Find (op, Up) € Xpkt1 X Vpk such that

(Aop, T)a + (Up, divr)g = (g, TN)sq,
(divep, V) = (F, V)q,

for any (T, V) S Zh,k+1 X vh,k-

Shihua Gong (Peking University) Aug. 13, 2015 16/39



Stability

According to the theory of mixed method, the stability of the saddle

point problem is the corollary of the following two conditions (Brezzi,
1974, 1991)

@ K-ellipticity: There exits a constant C > 0, independent of the
mesh size such that

(Ah, mh) = Clinll&y.n  V7h € Zn.

(14)
© The discrete inf-sup condition: There exits a constant C > 0,
independent of the mesh size such that
inf sup _bn(rn, vi) > C. (15)
Vh€Vh rpex, IThlldiv,nllVallo
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A discrete elastic complex

— curl curl div
0 > Py > Qhksda —— Thktt — Vaxk —— 0

Figure: discrete elastic complex
Qhi+3 = {g € H(Q) | qlk € Pis3, YK € Th}.

where
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A discrete elastic complex

— curl curl div
0 P4 Qnk+s —— Zhktt —— Vpy —— 0
Figure: discrete elastic complex
where

Qni+s = {9 € H3(Q) | qlk € Pii3, YK € Tp}.

Strang’s conjecture: k + 3 > 5(Scott, Morgan, 1975); k + 3 = 4(Alfeld,
Piper and Schumaker, 1988); k + 3 = 3(Scott, Morgan, 1996);

dim(Qpra) > %(k +4)(k+5)T— (2k+T7)E +3Vi 4+ §
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A discrete elastic complex

— curl curl div
0 P; Qnk+s — Zhket — Vpg —— 0
Figure: discrete elastic complex
where

Qni+s = {q € H*(Q) | gl € Piya. YK € Th}.

Strang’s conjecture: k + 3 > 5(Scott, Morgan, 1975); k + 3 = 4(Alfeld,
Piper and Schumaker, 1988); k + 3 = 3(Scott, Morgan, 1996);

—_

dim(Qni+s) > 5(k +4)(k+5)T — (2k + 7)E'+3V' + S
If the equality hold, we have
dim P; — dim Qh,k+3 + dim zh,k+1 —dim Vh,k =0,

which means the div operator is surjective.



Comparison

@ ~ curl curl div

0 P; Qnkyz —— th+1 — Vhky — 0
@ -~ curl curl div

0 P4 Qh,k+3 th+1 — Vpx —— 0
C curl curl div

0 P; Qnkys —— Zhktt —— Vpgy —— 0

Figure: discrete elastic complexes
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Comparison

@ ~ curl curl div

0 P Qnkys —— Tty —— Vaky —— 0
@ -~ curl curl div

0 P1 Oh,k+3 th-l—'l — th — 0
C curl curl div

0 P; Qnkys —— Zhktt —— Vpgy —— 0

Figure: discrete elastic complexes

where
éh,k+3 = {q € HZ(Q) ’ qlK € Pk+37 qla € 027VK € 7777 ac Nh}v

th+1 = {T € H(Q;div,S) | 7|k € Pxs1(K;S), divr|k € Px_1(K;R?),

Tla€ C°, VK eThaec Ny}
(16)
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Inf-sup Condition |
Lemma

For k = 0,1, suppose Px.2 — Pk are stable for the Stokes problem
on the grids. For any v, € Vi, there exists on € Lp k41 Such that

diven=vy, and |oalla < [[Vallo- (17)

Proof.

@ Using the BDM element to find 7, € H(div, Q; M) N ij:1 (Th; M) such that

divry = vy and || 7pllav < 1Vhllo- (18)

o Adding a divergence free term to symmetrize 7, i.e.

op = Th + curluy (19)
where
divup = Th 12 — Th21- and [[tplly < ll7allo- (20)
Then we can use the result for the Stokes problem.
DJ
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Inf-sup Condition I

Lemma

For k > 2, suppose the grids are shape regular. For any v, € Vi, there
exists op € Lp k41 Such that

div oh = Vp and Ho'thiv 5 HVhHO' (21)

This is the corollary of the result of Hu-Zhang (2014).

k=01 k>2
Special grids | General grids

Table: Constrain on grids

On special grids, the pair P3 — P> and P» — Py is stable for Stokes
problem.(Arnold, Qin, 1992)
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Stability and Convergence Theorem

Theorem

Suppose the grids satisfy the corresponding condition in Lemma 2 or
3. For any f € L?(Q;R?), the discrete problem (13) is uniformly
Well—posed for (Zh,k+17 H @ ||div) and(Vh’k g ||0)

Theorem

Suppose the grids satisfy the corresponding condition in Lemma 2 or
3. Let (o, u) € ¥ x V be the exact solution of the problem (2) and
(oh, Up) € Lpkit x Vi the finite element solution of (13). Then we
have

o — ohllay + ||U— tnllo S Ao |kp2 + |Ulks1) (22)

V.
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Hybridization

Hybridization removes the interelement continuity requirements from
the space ¥4 x4 and places them as an additional equation.
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Hybridization
Hybridization removes the interelement continuity requirements from
the space ¥4 x4 and places them as an additional equation.
Accordingly, we need the space

Shker = {7 €LP(US) | Tlk € Piya(K:S) VK eTpt  (23)

without any interelement continuity constraints, as well as a
Lagrangian multiplier space

Jnger ={m € L3(En,R?) | ple =[r]le V7 € X} 1 €&

(24)
and “‘8’? = 0}7

which is defined on the edges.
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Variational Form
The approximation solution given by the hybridized method is
(O’h, up, )\h) € ZR}(JH X Vh,k X Jh,k+1v satisfying

a(lop, up; T,V)+ b(T,V; Ap) = f(1,V) (25a)
b(op, up; ) =0 (25b)

forall (7,v,u) € Z,;LH X Vhk x Jnkt1. The bilinear forms in the
system are defined as

alo,u;T,v) = (Ao, m)q + (U,divr)q + (dive, v)q (26)
bo, u; ) .= —(lo], )¢ (27)
f(r,v) = (f,v)q (28)
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Equivalence

Proposition

There is a unique solution (o, Up, Ap) € Z;} 11 X Vhk X Jnk1 for the
hybridized system (25). Moreover, the first two components of the
solution coincide with that of the mixed method (13).

Proof.
Taking it as a saddle point problem, we can use the standard LBB
theory to prove the proposition. O

v
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Characterization of the Multiplier Space

To characterize the multiplier space, we define the following auxiliary
spaces

Myt = {1 € L2(En,R?) | ple = Pir1(e,R?) Ve € & and plgp = 0},

Mp ki1 = {p € M,ZLH | 1 satisfies the following property }.
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Characterization of the Multiplier Space

To characterize the multiplier space, we define the following auxiliary
spaces

Myt = {1 € L2(En,R?) | ple = Pici1(e,R?) Ve € & and plgp = 0},

Mhxi1 = {m € My, | p satisfies the following property }.

Property: at any internal singular vertex
Xo of Th,

4
S (-1)mi-ngg =0, (29)
i=1

where p; = ple (Xo) and

e = XoX;,i = 1 : 4 are the edges meeting

at Xp, and n; is the unit normal vector of Figure: Singular vertex
ej, as shown in Figure 27.
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Characterization of the Multiplier Space

Proposition
For any triangulation grids Ty, we have

Ih k1 = Mp k1 (30)

Proof.
@ Jhkt1 C Mpkiq.
@ dim Jh,k+1 =dim Mh,k+1-
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SPD System for Ay,

Using the above notation, we have the following system

(5 5)(3")- ()

where A is a block-diagonal matrix.
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SPD System for Ay,

Using the above notation, we have the following system

EOOE-6) e

where A is a block-diagonal matrix.

Using the Schur complement, we can derive a equation only involved
one variable Ay, i.e. the multiplier:

(-BA'BYA, = —BA'F. (32)
The original variable can be locally recover by

(oh Up) = A (F — B'Ap) (33)
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Local solver

For any m € My k1, we denote the solution of the following equation
system (34) by (o/m, Um) € Ty 41 % Vhk

(Aom, T)k + (Um,divr)k = (M, TN) sk, (34a)
—(divorm, V) = 0, (34b)

for any (7, v) € Z,‘,,}(H x Vi, K € Th.
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Local solver

For any m € My k1, we denote the solution of the following equation
system (34) by (o/m, Um) € Ty 41 % Vhk

(-AU'ma T)K + (uma diVT)K = <ma Tn>8K7 (34a)
—(diverm, V)k = O, (34b)

for any (7, v) € £} 4 X Va, K € Th.
For any f ¢ [?(Q;R?), we denote the solution of the following equation
system (35) by (&, Uf) € Z,‘,,}(H x Vi k

(A&, T)k + (U, divr)x = 0, (35a)
_(diV&fa V)K = _(f7 V)K7 (35b)

for any (7, v) € ZE}H x Vi, K € Th.
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The SPD system for the Multiplier

Theorem

The Lagrangian multiplier Ay, satisfies following equation
anp) =1(1) Vi € dnkit, (36)
where &(Ap, p) = (Aox, o) 7, and f(u) = —(f, u,.)7,. Moreover, the

bilinear form ap(X, ) in (36) is symmetric positive-definite. The
solution of the system (25) satisfies

op=o0x, + 6 and up = uy, + Uy. (37)

v
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Numerical Results

We consider the pure displacement problem on the unit square
Q = [0, 1]2 with homogeneous boundary condition.

The compliance tensor in our computation is

1 A

where the Lamé constants are settobe = 1/2 and A = 1.

Let the exact solution be

(77 0 ),

sin(mx) sin(mwy)
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Tests for the Lowest Order

Figure: Unstructured grid and HCT grid with 1/h =2
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Tests for the Lowest Order

1/h | [u—upllo A | llo—onllo A | [dive —diveslly A D' dim Mj,
7 1.5654e-1 = 5.0400e-1 = 4.29526-0 = 363 180
4 953092 071 | 2.0147e1  1.32 2.6589¢-0 069 | 1089 2412
8 45289e2 107 | 4.9971e2 201 1.2995¢-0 1.03 | 4554 2412
16 | 22009e2  1.04 | 12357e-2 201 6.37356-1 1.02 | 18612 10012
32 | 1.0976e-2  1.00 | 3.1761e3  1.96 3.18276-1 1.00 | 74447 40328
64 | 54797¢-3  1.00 | 8091e-4 197 1.5892¢-1 1.00 | 297264 161592

Table: The errors and the convergence order on HCT grids using hybridized

method with k =0

1/h [lu— upllo h7 |l — onllo AT ||[dive — divery o hT D dim My, 4
2 2.0098e-1 = 6.6940e-1 - 5.4550e-0 = 121 48

4 1.2864e-1 0.64 2.9520e-1 1.18 3.5429¢e-0 0.62 374 168

8 6.0929¢-2 1.07 7.6893e-2 1.94 1.7416e-0 1.02 1518 756
16 2.9574e-2 1.04 2.7646e-2 1.47 8.5519e-1 1.02 6204 3244
32 1.4742e-2 1.00 1.2393e-2 1.15 4.2699e-1 1.00 24816 13256
64 7.3592e-3 1.00 6.0029¢-3 1.04 2.1325e-1 1.00 99088 53496

Table: The errors and the convergence order on unstructured grids using
hybrided method with kK = 0

'D =dimX, | +dim Vi
Shihua Gong (Peking University)
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Tests for the Higher Order

Figure: Uniform grid and criss-cross grid with 1/h =2
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Tests for the Higher Order

1/h | [u—upllo A | llo—onllo A" | |ldive — dveplly A" D dim Mj, ;

2 1.6541e-2 = 3.0057e-2 = 4738861 = 336 64

4 21758¢-3 292 | 20260e3  3.73 6.2558e-2 292 | 1344 320

8 27561e-4 298 | 15145e-4  3.89 7.9274e-3 298 | 5376 1408
16 | 34569e5 299 | 9.7454e-6  3.95 9.9431e-4 299 | 21504 5888
32 | 43248e-6 299 | 6.1737e7  3.98 1.2439e-4 3.00 | 86016 24064
64 | 54072e7  3.00 | 3.8838e-8  3.99 1.5552¢-5 3.00 | 344064 97280

Table: The errors and the convergence order on uniform grids using
hybridized method with k = 2.

T/ [ Tu—tpllo A | o —onllo A" | [dve —dvosllo A ) dim M}, ;
2 45314e-3 = 4.7780e-3 = 1.34376-1 = 672 760
4 57633e-4 297 | 3.1371e-4  3.92 1.7027e-2 298 | 2688 704
8 7.2355e-5 299 | 200575  3.96 2.1361e-3 299 | 10752 2944
16 | 9.0541e-6 299 | 1.2672¢-6  3.98 2.6726¢-4 299 | 43008 12032
32 | 1.4320e-6  3.00 | 7.9629e-8  3.99 3.3416¢-4 300 | 172032 48640
64 | 14151e7  3.00 | 498999  4.00 4.1772e-5 3.00 | 688128 195584

Table: The errors and the convergence order on criss-cross grids using
hybridized method with kK = 2.

?D =dim¥, | +dim Vyo
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Conclusion

@ We propose a nodal basis for the stress space H(div, S) N Px.

@ We prove optimal error estimate of our mixed method for both
displacement and stress.

@ Our method can be efficiently implemented by hybridization.

Symmetric, Conforming and Hybridizable Elements!
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Thank you!
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